Mathematical programming Mixed integer non-linear programming (MINLP) Heat exchanger design Shell-and-tube heat exchanger (STHE) Sequential optimization a b s t r a c t Mathematical programming can be used for the optimal design of shell-and-tube heat exchangers (STHEs). This paper proposes a mixed integer non-linear programming (MINLP) model for the design of STHEs, following rigorously the standards of the Tubular Exchanger Manufacturers Association (TEMA). Bell-Delaware Method is used for the shell-side calculations. This approach produces a large and non-convex model that cannot be solved to global optimality with the current state of the art solvers. Notwithstanding, it is proposed to perform a sequential optimization approach of partial objective targets through the division of the problem into sets of related equations that are easier to solve. For each one of these problems a heuristic objective function is selected based on the physical behavior of the problem. The global optimal solution of the original problem cannot be ensured even in the case in which each of the sub-problems is solved to global optimality, but at least a very good solution is always guaranteed. Three cases extracted from the literature were studied. The results showed that in all cases the values obtained using the proposed MINLP model containing multiple objective functions improved the values presented in the literature.
Introduction
Optimal heat recuperation is fundamental in solving the problem of efficient energy usage and consequently to promote the reduction of gas emissions and fuel consumption. Since nearly 80% of the total energy consumption is related to heat transfer, improvement on heat transfer performance is of great significance to the reduction of the energy consumption [1] [2] [3] [4] . In this perspective, heat exchangers are one of the most efficient types of heat transfer equipment used to recover heat between two process fluids [5, 6] . Shell-and-tube heat exchangers (STHEs) are widely used in industrial chemical processes, plants, power and process industries because of their great adaptability to different operational conditions, strength characteristic and design flexibility. However, the design of STHEs, including thermodynamic and fluid dynamic design, cost estimation and optimization, is a complex process involving the integration of design rules and empirical knowledge from several areas, especially for the shell-side that presents complex characteristics of heat transfers and pressure drop [7] .
The design of STHEs involves the determination of a large number of thermal-hydraulic and operative variables for obtaining the optimum geometry, satisfying the required amount of heat and the set of constraints imposed by the process [6, 7] . In the last decade, due to the important role developed by the STHEs within the industrial context, a considerable research effort has been devoted to solving the optimization problem of this type of equipment. Thus, several researchers used different optimization techniques: i.e. genetic algorithms [8] [9] [10] [11] , particle swarm optimization [6] , and mathematical programming [7, [12] [13] [14] , to improve the design of this type of heat exchangers by optimizing different objectives like the annual cost, including area expenses and/or pumping costs [6, 7, 9, [12] [13] [14] or entropy generation [11, 15, 16] . Other studies have been dedicated to the optimization of a single geometric parameter, such as the spacing of baffles [17, 18] , or a variety of geometric and operational parameters of STHEs [19] .
Different design methods have also been proposed. The first method for determining the thermal-hydraulic parameters, heat exchange area, heat transfer coefficients and pressure drop was published by Kern [20] . The method of Kern was developed for designing heat exchangers or to evaluate existing equipment with regard to pressure drop and fouling. In this method, correlations were obtained based on equivalent diameter, overestimating the design parameters for the shell-side [7] . According to Taborek [21] , the method of Bell-Delaware provides more realistic and accurate results for the shell-side concerning the heat transfer coefficients and pressure drop, due to the consideration of five different streams (i.e. leakages between tubes and baffles, bypass of the tube bundle without cross flow, leakages between shell and baffles, leakages due to more than one tube pass and the main stream and tube bundle cross flow), that were not taken into account in the method of Kern [20] . These streams do not occur in well-defined regions, but interact between them, needing a complex mathematical treatment to represent the real shell-side flow.
In a previous study, Mizutani et al. [12] presented an optimization procedure for the design of STHEs using the Bell-Delaware Method for calculating the heat transfer coefficients and pressure drop to the shell-side. The authors used generalized disjunctive programming (GDP) for problem formulation and a MINLP reformulation for its solution. The model did not follow the TEMA standards [22] , thus some characteristics as number of tubes and tube bundle diameter, which are calculated and optimized, may not conform to the standards. In Ravagnani and Caballero [7] , the Bell-Delaware Method is used to formulate a mathematical model involving continuous and discrete variables for selection of an optimal configuration of a shell-and-tube heat exchanger. Just as in Mizutani et al. [12] , the model is based on GDP and is optimized with a MINLP formulation, but in this case rigorously following all the TEMA standards, it was possible to find all the mechanical characteristics such as shell diameter, tube bundle diameter, tube external diameter, tube pitch, arrangement of tubes, number of tube passes and number of tubes.
The use of a detailed process model results in a highly non-convex MINLP problem. It is important to remark that even the best state of the art deterministic solvers cannot guarantee the global optimal solution. As the probability of the solution to become trapped in a local optimum is large, it is of interest to study other optimization strategies avoiding such a situation. This paper presents a computer-aided approach for STHEs thermal and hydraulic design, based on the Bell-Delaware Method to formulate a MINLP model for the selection of the optimum equipment configuration. The proposed model follows rigorously the TEMA standards [22] , has been optimized using mathematical programming and solved with the software GAMS. A new approach of sequential optimization was developed through the use of diverse objective targets. 
Problem statement
The design of heat exchangers consists of determining the optimal STHE for heat transfer between a hot stream and a cold stream. This design problem can be formulated as an optimization problem whose main objective is to determine the equipment characteristics that present a minimal area and/or cost, considering the expenses concerning the heat exchange area and pumping costs associated with the pressure drop.
These characteristics should strictly follow the TEMA standards [22] and the final design of the equipment must comply with the pressure drop, fouling limits and fluid speed imposed by the process. Inlet data for both hot and cold fluids are: T in (inlet temperature), T out (outlet temperature), m (mass flow), q (density), Cp (heat capacity), l (viscosity), k (thermal conductivity), allowable DP design (pressure drop), rd design (fouling factor) and area cost data. The index h is used for the hot fluid and the index c for the cold fluid. The mechanical variables to be optimized are internal diameter (din), external diameter (dex), geometric arrangement (arr), tube pitch (pt), length (L), number of passes (Ntp) and number of tubes (Nt) for the tube-side. To the shell-side, the variables to be determined are the shell external diameter (Ds), the tube bundle diameter (Dotl), the baffles number (Nb), the baffles cut (lc) and the spacing between them (ls). Finally, the thermal-hydraulic variables to be found are heat duty (Q), the heat exchange area (A), the tubeside and shell-side film coefficients (h t and h s ), the dirty and clean overall heat transfer coefficient (Ud and Uc), the shell-side and tube-side pressure drop (DP t and DP s ), the fouling factor (rd), and the fluids location inside the heat exchanger.
Mathematical modeling of STHEs
A comprehensive description of the model is presented in the following paragraphs. In this approach, instead of solving the complete set of equations, a sequential approach was followed taking advantage of the designer's knowledge on how a STHE should work. The design equations were divided into sets. The optimal value of the variables in each set is fixed in the following optimizations.
In this model, the Bell-Delaware Method was used for the calculation of the heat transfer coefficients and the pressure drop in the shell-side. Moreover, the model is formulated as a generalized disjunctive programming (GDP) problem and reformulated as a MINLP problem [7, 12] . Moreover, the physical properties (density, viscosity, heat capacity and thermal conductivity) are assumed to be constant (temperature invariant).
1. The first set of equations consists in a MINLP problem with the determination of the best location inside the heat exchanger for the hot and cold fluids, as well as with the estimation of some geometric parameters according to the TEMA standards [22] (see next paragraphs for a complete list of all the geometric parameters optimized in this first problem) and the definition of the flow regime and fluid velocity in the shell-side. The fluids allocation in STHEs must consider some important issues like the materials of construction, fouling, operating pressures, pressure drops, fluids viscosity, flowrates, and temperatures. Therefore, usually the deci- 
To define the shell diameter (Ds), tube bundle diameter (Dotl), tube external diameter (dex), geometric arrangement (arr), tube pitch (pt), number of tube passes (Ntp) and tube number (Nt), a 
Five types of tube length were used according to TEMA standards as shown in Eqs. (26) and (27) .
N L ¼ f2:438; 3:658; 4:877; 6:096; 6:706g
According to TEMA standards, the baffle space (ls) should be located between the values of Ds and Ds/5. In this case, the values obtained through Eqs. (28) and (29) were considered.
ls 6 Ds ð28Þ
The shell-side fluid velocity was obtained by Eq. (30) . According to Smith [23] this value must be constrained to 0:5 6 v s ðm=sÞ 6 2.
In this first set, the maximization of the shell-side Reynolds number was considered an objective function as shown in Eq. (31). The selection of this objective function is related to the fact that in heat transfer, any elevation in the fluid flow velocity will imply the increase of the coefficient of heat transfer by convection and hence the overall heat transfer coefficient. This will entail a smaller heat exchange area and therefore cheaper equipment. It was assumed that the shell-side is the more critical in this first step, and therefore the tube-side optimization can be left for the next steps.
where Sm is the cross-flow at/or near centerline for one cross-flow section. Sm can be found by the following disjunction:
Using a big-M reformulation:
where M is a parameter large enough to be a valid upper bound in Eqs. (32)-(36). It is important to point out that if M is smaller than the upper bound for the function, this situation may cut off valid solutions. If M is too large, the model may become numerically difficult to solve. Hence, the value of the M term needs to be chosen carefully.
In the (GPD-1) and (GPD-2), the convex hull reformulation was used, while in the GPD-3 the big-M formulation was preferred. In the choice between the convex hull and the big-M reformulation, some points should be considered. According to Vecchietti et al. [24] , the big-M relaxation is more convenient to use when the problem size does not increase substantially when compared to the convex hull relaxation. Moreover, the big-M model is competitive when good bounds can be provided for the variables, and for large problems where it is important to keep the number of equations and variables as small as possible [25] . It should be mentioned that for proper disjunctions where the feasible regions have some intersection, the objective function plays an important role, if the minimizer of the objective function is inside the feasible Table 2 Data process input and physical properties for different case studies. region of the disjunctive set, both the big-M and the convex hull relaxation may yield the same relaxation value. Otherwise the convex hull should be generally better, but the big-M constraints with appropriate bounds can be competitive. However, generally the lower bound by big-M relaxation is weaker, which may require longer CPU time than the convex hull relaxation [24] . In this specific case, the convex hull reformulation was used for all disjunctions that involve linear equations, while the big-M reformulation was used for the disjunction that involve non-linear equations to decrease the number of non-convexities. 2. In this set of equations the objective was the minimization of the shell-side pressure drop. The maximization of the Reynolds number in stage 1, favors the heat transfer, but also implies a larger velocity. In this stage, the rest of geometrical parameters for the shell-side were selected in such a way that a high velocity produces a smaller pressure drop in the shell. In the next paragraph a complete list of all the parameters optimized in this second problem is presented. Of course, all physical and geometrical parameters optimized in the first step are maintained constant in this sub-problem.
The second set of equations is a MINLP problem as shown in Eqs. (37) 
where a and b are empirical correlations and a 1 , a 2 , b 1 and b 2 are coefficients that relate the shell-side Reynolds number with the tube arrangement as presented in [7] .
where lc is the baffle cut given to lc = 0.25Ds.
Fc ¼ 1=p½p þ 2k sinðarccosðkÞÞ À 2 arccosðkÞ ð41Þ 
And
This value should respect the pressure drop limit fixed a priori in the design:
3. The third set of equations is a NLP problem to calculate the fluid velocity (v t ) and Reynolds number (Re t ) in the tube-side. In this case, again the maximization of the Reynolds number in the tube side is considered. All physical and geometrical parameters optimized in the previous steps are maintained constant in this set. This sub-problem comprises Eqs. (54)- (56) as well as the constraint for the fluids velocity in the tube-side. 
With the restriction
5. The last set is a NLP problem with the purpose of the determination of the heat duty (Q), the log mean temperature difference (LMTD), the correction factor for the LMTD (Ft) calculated according to [26] , fouling factor (rd), the heat exchange area (A), clean overall heat transfer coefficient (Uc), dirty overall heat transfer coefficient (Ud) and the total cost (C total ). The heat exchange area minimization was considered as an objective function, and if the cost parameters are available, the total cost minimization considering expenses associated with area and/or pumping costs, also was considered as an objective function. Again, all physical and geometrical parameters optimized in the previous steps are maintained constant for the optimization of this sub-problem. This set of equations is shown in Eqs. (63)-(71).
where
where rd P rd design ð70Þ
For fluids with high viscosity, the wall viscosity corrections for heat transfer coefficients, friction factors and pressure drop calculations, could be included in the model if the dependence relation between viscosity and temperature is available. If available, the tubes temperature could be calculated and the viscosity estimated with respect to these temperatures. For non-viscous fluids, however, these correction factors can be neglected.
It is relevant to remark that the presented optimization sequence should be followed in this exact order and the optimal value of the variables in each set is fixed in the following optimizations. Furthermore, this methodology allows finding the minimum area for heat exchange if the cost parameters are not evaluated. The conceptual representation of the model showing the structure of the sequential model is presented in Fig. 1 . Note that the objective function in each sub-problem is selected in order to get a feasible design that tends to be also an optimal design for the economic point of view by favoring the heat transfer or limiting the pressure drop. It is crucial to understand, however, that this sequential approach cannot guarantee the global optimum even in the case in which each sub-problem is solved to global optimality, but it is expected a very good design, as proved by the following examples.
Case studies
Three examples from the literature were studied, contemplating different situations, to analyze the performance of the developed model as to obtain the optimal design of STHEs.
Case 1. The first example is taken from Shenoy [28] . In this case, no data is available for area expenses and by pumping fluid, thus the final objective of this problem consists in achieving a minimal heat exchange area. The temperatures of input and output of hot and cold fluids, as well as their physical properties and fouling factor are shown in Table 2 . For this case, the thermal conductivity of the tube equal to 50 Wm/K and the roughness factor 4.57eÀ5 were considered. The dirt resistance factor was maintained in 1.5eÀ4 m 2 K/W for each side. The project was regarded as single shell, because this is sufficient to satisfy the thermal balance for the fluids considered, since at these temperatures the correction factor for LMTD is greater than 0.75. The design features were evaluated for two different pressure ranges for both sides, in order to analyze the effect of pressure on the geometrical and thermalhydraulic design. Thus, it was considered a limit pressure drop of 10 kPa for the shell-side and 45 kPa for the tube-side, and subsequently pressure drops 60 kPa for both shell and tube-sides were applied. The results obtained using the proposed model in this work are shown in Table 3 , where are also displayed the configurations of heat exchangers obtained by Shenoy [28] and Ravagnani and Caballero [7] . In their work, the authors Ravagnani and Caballero [7] solved the problem proposed by Shenoy [28] considering the standardization contained in TEMA [22] , which was not considered by Shenoy [28] . The heat exchange area obtained by Shenoy [28] was 28.40 m 2 , whereas with the model proposed by Ravagnani and Caballero [7] , values of 28.31 m 2 without fixing the location of hot fluid and 38.52 m 2 fixing it in the shell-side were attained, as their model allowed to choose the best location of the fluid in the exchanger, which was also disregarded in study of Shenoy [28] . However, using the systematic optimization of sets of equations, with the adoption of multiple objective functions, proposed In all cases, the values presented in Table 3 were considered, i.e., Q = 4339.4 k W, LMTD = 60.78, DP of the hot-side, and the respective dirty overall heat transfer coefficient. The results obtained with the proposed method presented in this paper and the results obtained with the simulation approach in ASPEN PLUS are very similar, proving the accuracy of the model proposed. The small differences found between them may be assigned to the equipment standardization considered in the proposed model. Usually the logarithmic mean temperature difference (LMTD) operator is reformulated using the Chen [29] approximation to avoid the numerical problem that appears if the temperature difference at both extremities of the heat exchanger is the same. However, the probability of this error is small and therefore, in this work, the LMTD was not obtained by the approach of Chen [29] , as used in the study of Ravagnani and Caballero [7] , and thus a more realistic LMTD of 60.78 was achieved. Moreover, the correction factor was calculated for LMTD as 0.985, and not held fixed as an input parameter. The implementation of these equations in the proposed model resulted in best values for the heat exchanger configuration obtained, as in comparison with the published literature.
Case 2. The second case studied was extracted from Mizutani et al. [12] . Table 2 shows the cost data, temperatures, flowrates and physical properties of the fluids for this example. In addition, the thermal conductivity of the tubes wall, 50 W/m K, and the leakage between baffles and tubes, and between baffles and shell, 2.5 and 8 mm, respectively, are also provided. The pressure limits must be fixed at 68.95 kPa, as suggested by Kern [20] , since the fluids are in liquid-phase. A dirt resistance factor of 1.5eÀ4 m 2 K W
À1
should be provided on each side. As previously commented, the final objective in the model must be the obtention of a minimal heat exchange area or a minimal a Without specifying the location of the hot fluid inside the exchanger. b Fixing the hot fluid in the shell-side. 1 Pressure in shell-side = 10 kPa and pressure in tube-side = 45 kPa. 2 Pressure in both sides = 60 kPa.
total cost. According to Hall et al. [27] , some rigorous parameters (usually constants) can be aggregated in the cost equation, considering mixed materials of construction, pressure ratings and different exchangers types. In this case, the authors proposed an objective function composed by the sum of area and pumping cost. The pumping cost is given by the equation:
The final function to be minimized is the total annual cost, given by the equation:
where a c = 123, b c = 0.59 and c c = 1.31. Table 4 presents a comparison between the problem solved by Mizutani et al. [12] , Ravagnani and Caballero [7] and the model proposed in this paper. Two situations were studied, considering or disregarding the hot fluid fixed in the shell-side. In both cases, the annual cost obtained is lower than the values calculated by these authors. Moreover, keeping the same amount of heat exchanged, there was a significant reduction of the heat exchange area in both cases.
In the first set of equations, the geometric parameters of the heat exchanger are determined. In this example, a result slightly higher than the value obtained in [7] was found to the tube internal diameter (when the hot fluid is fixed to the shell-side), while for the tube external diameter the same value (25.04 mm) was calculated. In addition, the values obtained for the shell diameter (Ds), tube bundle diameter (Dotl) and number of tubes (Nt), are lower than those registered by Ravagnani and Caballero [7] , thus requiring a greater tube length to satisfy the energy balance. However, it should be noted that larger tubes favor the heat exchange although they increase the pressure drop. Moreover, as demonstrated by Kern [20] , it is more economical to build longer heat exchangers with smaller shell diameter. On the other hand, higher pressure drops generate higher pumping expenses, requiring a cost-effective balance to support the equipment design. This balance was reached in the following sets, with the minimization of the pressure drop in both shell and tube sides.
Using the MINLP proposed in the present paper, even if the hot fluid is fixed in the shell-side, the value of the objective function for the last set is smaller than in the work of Ravagnani and Caballero [7] . Analyzing the sensibility of the final cost two significant aspects must be considered, the area cost and the pumping cost. In the case studied the proposed MINLP model presents areas equal or lower (264.6 and 247.2 m 2 versus 264.6 and 286.6 m 2 ) than those obtained in [7] , due to the values of the geometric parameters obtained anteriorly. As the area cost is smaller, the global cost is lower than the values obtained by Mizutani et al. [12] and by Ravagnani and Caballero [7] (4820.21 $/year and 5134.21 $/year versus 5028.29 $/year and 5191.47 $/year, respectively).
Case 3. The third example is taken from Serna and Jiménez [30] . Table 2 shows the data from the input and output temperatures [30] present an efficient and robust algorithm for the design of STHEs based on the Bell-Delaware method. The algorithm makes full use of the maximum rated pressure for both shell and tube-sides, in order to obtain a heat exchanger under extreme pressure drop. In this case, as the cost data is not available, the authors considered as objective function the minimization of the heat exchange area. Table 5 shows three STHEs configurations for this example. The first column presents the results obtained by Serna and Jiménez [30] through their Bell-Delaware Method based algorithm. The second column shows the configuration obtained by Ravagnani and Caballero [7] using a MINLP model also based on the method of Bell-Delaware, but using the TEMA standards [22] . The last column shows the heat exchanger configuration obtained using the MINLP algorithm proposed in this paper. , respectively. Serna and Jiménez [30] did not make use of existing standards in TEMA [22] , so the final configuration of STHE obtained contains values for geometric characteristics such as tube length and shell-and-tube diameters out of standard specifications.
In this work, the MINLP model proposed follows strictly the standards TEMA [22] , the improvements presented with this sequential approach, proves that likely, previous models were trapped in local optimal solutions proving the efficiency of the proposed approach. Additionally, three more cases have been studied for comparison with other optimization methods, and the obtained results were also good (see Supplementary material). All the examples have been solved with the software GAMS, using the SBB solver for the MINLP sets and the CONOPT3 solver for the NLP problems. In all cases the same processor Intel Ò Pentium Ò Duo 2.00 GHz was used, with processing times below the 20 s. For the type of problem studied in the present paper, note that these solvers can ensure only a local optimum. However, the reduced size of the sub-problems tends to avoid these local optima solutions or at least minimize their incidence on the final solution. In any nonconvex optimization problem, the gradient based algorithms (deterministic optimization) can only assure local optima. Although the advances in deterministic algorithms for global optimization have been really impressive in the last years, in general they are still constrained to small or medium size problems. The performance of these algorithms is highly dependent on the structure of the mathematical model, type of non-convexities, etc. In MINLP models the difficulty increases because in addition to the inherent difficulty of the continuous problems in continuous global optimization, there is the discrete nature of the problem. The problem dealt with in this study is a medium to large MINLP problem with a large number of non-convex equations, thus, a global optimal solution cannot be ensured. Moreover, experience shows that getting trapped in bad local solutions is not uncommon.
It is crucial to note that to set a good starting point it is necessary to give all the possible flexibility in the lower and upper variables limits, prior to solve the model, i.e., it is important to fix very low lower bounds and very high upper limits to the most influenced variables, as the Reynolds number, for example.
Conclusions
In the present paper a model for the optimal design of shelland-tube heat exchangers (STHEs) was proposed. It is a MINLP model that follows rigorously the Standards of TEMA. Thus, geometric characteristics as shell diameter, outlet tube bundle diameter, tube arrangement, tube length, tube pitch, internal and external tube diameters, number of baffles, baffle spacing, number of tube passes, number of shells and number of tubes are in accordance with TEMA standards, avoiding the adjustment of heat exchanger parameters after the design task. A tube counting table was proposed and the use of GDP makes the optimization task simpler, avoiding non-linearities in the model. The method of BellDelaware is used to calculate the variables on the shell-side. The model calculates the best heat exchanger to a given set of temperatures, flowrates and fluids physical properties. The major contribution of this paper is the proposition of a sequential optimization approach to avoid solutions prematurely stuck in the local minimum. With this aim, the design equations were divided into sets, with the proposition of different objective functions for the optimization of each set of equations.
The problem was solved with GAMS, using the solver SBB for the MINLP problems and the solver CONOPT3 for the NLP problems. During the solution of the model, the major problems were found in the initialization of the variables limits. Three examples from the literature were studied to evaluate the applicability of the proposed model. The results obtained with this model are better than those reported in the literature, considering the two situations of whether or not to fix the location of the fluids in the heat exchanger. This improvement in the results is achieved due to the use of multiple objective functions in a sequential optimization approach. 
